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Abstract: The Dziok-Srivastava [6] operator introduced in the study of analytic
functions and associated with generalized hypergeometric functions has been ex-
tended to harmonic mappings [2, 12]. Using this operator we introduce a subclass
of the class ‘H of complex-valued harmonic univalent functions f = h + g where
h is the analytic part and g is the co-analytic part of f in |z| < 1. Coefficient
bounds,extreme points, inclusion results and closure under an integral operator
for this class are obtained.
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1 Introduction

Harmonic mappings have found applications in many diverse fields such as en-
gineering, aerodynamics and other branches of applied mathematics. Harmonic
mappings in a domain D C C are univalent complex-valued harmonic functions
f = u+iv where both v and v are real harmonic. The important work of Clunie
and Sheil-Small [5] on the class consisting of complex-valued harmonic orientation-
preserving univalent functions f defined on the open unit disk ¢ formed the basis
for several investigations on different subclasses of harmonic univalent functions
(See for example [1] and references therein).

In any simply-connected domain D it is known that [5] we can write f = h+7,
where h and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and
orientation preserving in D is that |h/(z)| > |¢'(2)| in D (see [5]).

Denote by ‘H the family of harmonic functions

f=h+g 1)

which are univalent and orientation preserving in the open unit disc ¥ = {z : |z| <
1} and f is normalized by f(0) = h(0) = f.(0) —1 = 0. Thus, for f =h+g € H,

the analytic functions A and g are given by

h(z)=z+ Z amz™, g9(z) = Z by 2™
m=2 m=1
Hence -
fR) =2+ amz™+ > bz, |bi| <1. (2)
m=2 m=1

We note that the family H reduces to the well known class S of normalized
univalent functions if the co-analytic part of f is identically zero, that is g = 0.

For complex numbers a1, ..., and B1,...,0, (6; #0,—1,...;5=1,2,...,q)
the generalized hypergeometric function [13] ,F,(2) is defined by

pFy(2) = pFyaa,...ap; B, ..., By 2) i= Z W %, (3)
= mo(Bg)m m!

(p<q+1; pge No:= NU{0};z€lU)
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where N denotes the set of all positive integers and (a),, is the Pochhammer
symbol defined by

1, m=20
(a)m:{a(a+1)(a+2)...(a+m1), m € N. @

Dziok and Srivastava [6] introduced an operator in their study of analytic func-
tions associated with generalized hypergeometric functions. This Dziok-Srivastava
operator is known to include many well-known operators as special cases.
Let
H(ay,...apf1,...,04) :A— A

be a linear operator defined by

[(H(oa,.--ap; B1,.- -, 8))(@)](2) = =z pFylon,aa,...0p;81,02...,0q %) * ¢(2)

o0
= z—l—ZFm am 2™, (5)
m=2
where
Fm _ (Oll)mfl...(()ép)mfl 1 (6)
(61)771—1 s (ﬂq)m—l (m - 1)!
and oy, - ,ap; B1, -+, [q are positive real numbers,such that p < g+ 1;p,q €

NuU {0}, and (a),, is the familiar Pochhammer symbol.

The linear operator H(a,...ap;B1,...,0;) or HEP[ay, (1] in short, is the
Dziok-Srivastava operator (see [6] and [17]), which includes several well known
operators.

The Dziok-Srivastava operator when extended to the harmonic function f =
h 4+ g is defined by

HP[ay, /1] f(2) = HE[an, f1]h(z) + H{ [, Bi]g(2) (7)

Motivated by earlier works of [4, 7, 8, 9, 10, 11, 14, 16, 18] on harmonic func-

tions, we introduce here a new subclass Gy ([a1, £1],7) of H using the Dziok-
Srivastava operator extended to harmonic functions.

Let Gy([av1, B1],7) denote the subfamily of starlike harmonic functions f € H
of the form (1) such that

22 (HP [y, fr]h(2))”

)
Re 414 (14 ooy L B BEY+ 2o e [
2(Hf[ar, Br]h(z))" = =(Hflax, Builg(2))
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where HP[ay, 41]f(2) is defined by (7) 0 <~y <1, z €U and 1 real.
We also let Tx (a1, 51],7) = Gr([oa, B1],v) (Tr where Ty [16], is the class
of harmonic functions f such that

f)=2=) lamlz™ =D [bmlz™, [ba] < 1. 9)
m=2 m=1

We obtain a sufficient coefficient condition for functions f given by (2) to
be in the class Gy ([a1,51],7) and show that this coefficient condition also is
necessary for functions belonging to the class Ty ([, £1],7). Also, extreme points

for functions in Tp([a1, B1],7y) and certain inclusion results are obtained.

2 Coefficient Condition for the Class Gy([a1, £1],7)

A sufficient coefficient condition for functions belonging to the class Gy ([aa, 51],7)

is now derived.

Theorem 2.1. Let f =h+7g be given by (2). If

— 2m —1— 2m +1
Y m <M|am| + Wbm') r, <2 (10)
— 1—7~ 1—7v

m=1

0<~v<1, then f € GH([Oél,ﬂﬂﬁ)-

Proof. When the condition (10) holds for the coefficients of f = h+g, it is shown
that the inequality (8) is satisfied. Write the left side of inequality (8) as

2(HP o, Bi]h(2)) 4+ (1 + ew)z'Q(Hg[al,ﬂl]h 2))’

(
+ (1+2¢")2(Hy o, Bilg(2)) + (1 + e')22(H{ o, Bi]g(2))"
2(Hglon, Bi]h(2))" — 2(Hglon, Bilg(2))

Re

A(2)

= Re B

Since Re (w) > v if and only if |1 — v+ w| > |1 + v — w|, it is sufficient to show
that
[A(z) + (1 =7)B(2)| - |A(z) = (1 +7)B(2)| = 0. (11)
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Substituting for A(z) and B(z) the appropriate expressions in (11), we get

[A(2) + (1 =7)B(2) = [A(z) = (1 +7)B(2)|

o0 o

> 2=zl = D mm—)Tmlam| |2 =Y m2m+5)Tomlbm| | 12"
m=2 m=1
Al = S m@m = 2 = ) Tlam] 127 = 3 m(@m + 2+ 3)Coalbu] 2]
m=2 m=1
e = 2m4+144
=z 2(1—9)l {1 - Z mﬁfmlaml - Z ml_’y]-—‘m|bm|}
m=2 m=1
> 0
by inequality (10), which implies that f € Gy (a1, F1],7). O

Now we obtain the necessary and sufficient condition for the function f = h+3g

given by (9) to be in Ty.

Theorem 2.2. Let f = h+7g be given by (9). Then f € Ty([ax, S1],7y) if and
only if

= o2m —1— 2m+ 1+
Zm{7|am|+7|bm|}rm§2 (12)
1—7 1—7

m=1

where 0 <y < 1.

Proof. Since T ([eu, B1],7) C Gu([ea, £1],7), we only need to prove the necessary
part of the theorem. Assume that f € Ty ([aq,81],7), then by virtue of (7) to (8),

we obtain

zQ(Hg’[al,Bl]h(z) "

)
Re L (1= ) 4 (1.4 ey LT 2200 BlaG)Y + 2o Bl | o
2(H o, fi]h(=2)) = 2(Hf [, Bulg(=))
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The above inequality is equivalent to
Z m[m(l + eid}) - — eid)]l—‘m|am,|zm
m=2

+ mim(1+ ™)+~ + "0 |bm|Z™

8ng

z— Y, mPnlam|z™ + Y, mDn|bm|[Z™
m=2

This condition must hold for all values of z € U and for real v, so that on taking
z=r1r <1 and ¥ = 0, the above inequality reduces to

(1=7) = | 3 m(@m =1 = )lanlr™ " + 5 m(@m+1+7)To bl
m=2 m=1 2 0.
1= 3 Tolam|rm=+ 3 Tonlbu|rm-1
m=2 m=1 (13)
Letting 7 — 17 through real values, we obtain the condition (12). This completes the
proof of Theorem 2.2. O

3 Extreme Points and Inclusion Results

We determine the extreme points of closed convex hulls of T3 ([aq, £1],7) denoted
by cleoTy (a1, 1], 7).

Theorem 3.1. A function f(z) € clecoTy([oa,B1],y) if and only if f(z) =
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i:: (Ximhm(2) + Yigm(2)) where

m=1
hi(z) = z,hm(2) = 2z — 1= 2™ (m > 2)
1 — ~ytm - m(melfv)Fm ) = )
177 —_m
m = - ; 2 9
gm(2) =z m(2m+1+fy)FmZ (m 22)

(Xm+Yn)=1, Xm>0and Ym >0.

m=1

In particular, the extreme points of Tr([a1, B1],7y) are {hm} and {gm}.

Proof. First, we note that for f as in the theorem above, we may write

f(z) = Z (Xonhm(2) + Yingm(2))

m=1
= ) (Xm+Ym)z— > X, 2"
= = m(2m —1— )Ty,

37

m=1
= z- ZAmzm— ZBmEm
m=2 m=1
11— 1—7
where m(2m —1—~))Ty, o m2m+ 1+ )Ty,
Therefore
s 2m—1—)Tm > 2 1 .
Zm(m ) Am+zm(m+ +7) B,
1—7v 1—7v
m=2 m=1
(oo} (oo}
SIS N
m=2 m=1
—1-X,<1,
and hence f(z) € clcoTy/([a1, F1],7).
Conversely, suppose that f(z) € clcoTy([o1, £1],7). Setting
2m —1—~)Ty, 2 1 T
x,, = mem N g > 9), vy = PEELEN O g

L=y 1—v
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&S}
where Y (X, +Y,,) = 1. Then

m=1

z)=2z— i Anzm — i B, z™, A, B, >0.
= 1 = 1-—

v _
=z Xmm—§ Ymz™
: m(2m —1—~)r : = m@2m+1+7)ly ‘

as required. O

Now we show that 73 (a1, 51],7y) is closed under convex combinations of its

members.
Theorem 3.2. The family T ([a1, £1],7) is closed under convex combinations.

Proof. For i =1,2,..., suppose that f; € Ty ([a1,(1],7) where
oo oo
z2)=2z— Z apmz™ — Z by mz™
m=2 m=2
Then, by inequality (12)

= m(2m—1— 2m+1—|—7)I‘
G,Z m + bz,m S 1. (14)
> e s 5 PO

m=2

oo
For > t; =1, 0 <t; <1, the convex combination of f; may be written as

i=1
it fi(z) =2z — Z (i tiai,m> 2™ — i (i tibi,m> z
i=1

i=1 m=2 m=1 \1i=1

Using the inequality (12), we obtain

i m2m—1—’y)Fm <it1azm> +i m2m+1+’y I (itzbzm>
=1

m=1 i=1

m=2
R _ m(2m — 1 — )T = 2m+1+’y m
—th <Z (1_7) a1m+ P bln)
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and therefore > t;fi € Tr([a1],7)- O

=1

Theorem 3.3. For 0 < § < v < 1, let f(z) € Tu([a1, 1],y

) and F(z) €
Tr(lon, 41],0). Then  f(z) « F(z) € Grl[on, B1],7) € Grl(lon, 5], 6).

Proof. Let f(z) = z — ioj am 2™ — f bZ" € Tr(lar, B1],) and F(z) = z —
m=2

m=1

i Az — i B, 7" € Ty([a1, £1],6). Then f(2)* F(z) = z+ i Am A z™ +
m=2 m=1

S =
> b BmZ".
m=1

We note that |A,,| <1 and |B;,| < 1. Now we have

= m(2 m(2 +1+5
PPl LYY |Am\+Z mt 1Oy | 1B,
m=2

= m(2m —1-06)T,, = m@2m+1+6))Tp
< m b
< mZ:Q — la IerZ:1 - b

> m(2m —1—7))Ty, > m2m+1+9)T,
< ™m bm §17

using Theorem 2.2 since f(z) € Ty (Jon, B1],7y) and 0 < § < < 1. This proves
that f(z) * F(z) € T ([o1, £1],9). O
4 Integral Operator

Now, we examine a closure property of the class 73 ([a1, £1],7) under the gener-

alized Bernardi-Libera -Livingston integral operator L.(f) which is defined by

c+1
z¢

Lc(.f) =

/tc L @)dt e > —1,

0

Theorem 4.1. Let f(z) € Ty ([ar, B1],7). Then L.(f(2)) € Tr (a1, £1],7)

Proof. From the representation of L.(f(2)), it follows that

Le(f) = Cjcl/ztcl {h(t) +@} dt.

0
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z z

1 o0 o0
= C; /tc—l (t - Z amt"> dt — /tc—l (Z bmt"> dt
m=2 m=1

0 0

=z — iAmzm— i B,,z™
m=2

n=21
where
c+1 c+1
m = m Am; Dm = m bm~
Therefore,

= 2m—1—~v c+1 2m+1+~v,c+1
Zm( Lo + ( bm>)rm

= 1—7 c+n 11—~ c+n
= 2m —1—v 2m+1+7vy

< m |am|+|bm|)Fm

< 2(1-9)

Since f(z) € Ty ([a1, B1],7), therefore by Theorem 2.2 , L.(f(2)) € Tx (o1, 1], 7)-
O
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